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ISOMORPHIC FACTORIZATIONS VIII:
BISECTABLE TREES
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A tree is called even if its line set can be partitioned into two isomorphic subforests: it is
bisectable if these forests are trees. The problem of deciding whether a given tree is even is known
(Graham and Robinson) to be NP-hard. That for bisectability is now shown to have a polynomial
time algorithm. This result is contained in the proof of a theorem which shows that if a tree . is bisect-
able then there is a unique tree T that accomplishes the bipartition. With the help of the uniqueness
of T and the observation that the bisection of S into two copies of T is unique up to isomorphism,
we enumerate bisectable trees.

1. Introduction

An isomorphic factorization of a graph G into ¢ parts is a partition of the set of
lines E(G) into spanning subgraphs Fy..... F, all isomorphic to some graph F. We
then write FEG/t and F|G, and say that G is divisible by r denoted by 1|G.
When 2|G it is natural to define G as even. Then G is odd if it is not even. Thus a tree .S
is even if E(S) has a factorization into two isomorphic forests. We call S bisectable
if these are two isomorphic trees. The graph theoretic notation and terminology fol-
lows [2], except that for a graph with p points and ¢ lines, the order is p and the size
isq.

In the first paper in this series [7], we proved that for any integers 1, p=1. if

the Divisibility Condition 1‘[5 holds, then K/t is not empty. The second paper [10]

expressed various combinatorial designs as isomorphic factorizations. The third [8]
investigated when the corresponding Divisibility Condition for a complete multi-
partite graph G, namely, ¢|q(G), assured the existence of an isomorphic factorization
of G into 1 parts. The fourth [5] considered isomorphic Ramsey numbers and the
fifth [9] applied the Divisibility Condition to digraphs. The sixth [12] studied the
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automorphisms of G as related to the isomorphic factors while the seventh [14] looked
into isomotphic factorizations of regular graphs and regular tournaments.

Our main result in this eighth paper of the series 1s that for each bisectable tree
S there is a unique tree 7€ S/2. The proof of this statement contains an algorithm
for testing whether a given tree S is bisectable that is linear in time ¢(.S). This is in
contrast to the conclusion of the next, ninth paper [1], that the decision problem for
even trees is NP-hard. It 1s also mentioned in [1] that this is already known for the
problem of factoring a tree into any two trees of equal size.

Caro and Schénheim [0] ask for which trees G and H does G|H hold, obtaining
precise answers for certain special G such as stars.

We conclude by showing that if S is bisectable into two copies of T then the
bisection is unique up to isomorphism. This enables us to enumerate bisectable trees
both exactly and asymptotically.

2. Necessary condition for oddity

As a tree S of order p has size p—1, p even implies S odd by the Divisibility
Condition. When p is odd the Divisibility Condition is satisfied, but we may still have
S odd. And in case S is even, .S/2 may or may not contain a tree. These possibilities
are illustrated by the four trees of order 7 shown in Figure 1.

D XK

Fig. 1. Some trees of order 7

The first tree is shown factored into two copies of the tree K, 3, with solid and
dotted lines. Similarly the second tree is shown factored into two copies of P,UP,.
There is no factorization into two isomorphic trees, because in fact the only way to
divide it into two trees of size 3 is for one to be a path and the other a star. Finally,
the other two trees are the only odd ones among the 11 trees of order 7. Of the 47
trees of order 9, exactly nine are odd and are shown in Figure 2.

The oddity of some of these trees is apparent due to the existence of a point
of large odd degree. For instance in Figure |, the last tree has a single point of degree
5, while all other points have degree 1 or 2. Assume S is even and divisible into two
copies of a forest F. Then F must contain a point of degree at least 3, in order that
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two copies should contain a point of degree 5. On the other hand the two points of
degree 3 cannot be identified with the same point of S, as S contains no point of degree
6 or more. And they cannot be identified with distinct points of S, since there is no
second point of degree 3 or more. It is easy to generalize this line of reasoning to prove
the following statement.

s
AEL &Y

Fig. 2. The odd trees of order 9

Theorem 1. Let A=A(G) be the maximum degree. 1f t14 and G has a unigue point
of maximumt degree while all other points have degree less than 4/t. then t1G. |}

When the criteria of the theorem are applied to trees, we find that it accounts
for just four of the odd trees of order 9, namely those shown n the top row of Figure 2.
It is inevitable that such a sufficient condition for oddity will fall well short of being
necessary. For the problem of determining which trees are odd is known to be NP-
complete [1], while the condition of the theorem is readily determined in polynomial
time.

There may be hope that oddity 1s easier to characterize for trees with bounded
degrees. For instance. it is shown in [I] that with a single exception, every tree in
which one point has degree 2 and the rest have degree | or 3 is even.

For divisibility into two isomorphic trees there is a polynomial time characte-
rization, which is presented in the next section.

3. Criterion for bisectability

By contrast with the oddity of a tree S, the bisectability of S can be decided
efficiently. That is, there is an algorithm with space and time bounds linear in the size
of S for deciding its bisectability. We start by showing that for any 7, a tree in S/t 1s
unique. A linear algorithm for deciding the r-sectability of S is then deduced as a
corollary. It 1s also shown as a corollary that for =2, the bisection itsell is unique
up to isomorphism.

Lemma 1. /f S is a t-sectable tree, then S and t alone determine the points of contact
in any t-section of S and the weights of the branches of fuctors at points of contuct.
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Proof. When r=1 there is no point of contact and nothing to prove. Proceeding by
induction on ¢, suppose t=2. Let T,,...,T, be the factors of a r-section of S.
Form the factor-tree of the t-section with point set consisting of the ¢ factors and the
points of contact, where a point of contact v is adjacent to a factor T, whenever
v V(T;). The factor-tree of any f-section is obviously a tree in which all the end-
points are factors. Every nontrivial tree has at least two endpoints, so the factor-tree
has at least two endpoints. called endfactors. Define the boundary of a tree as its
endpoints if it is not trivial, and as its one point if it is. If we remove the end-factors
from the factor-tree, the result is a tree (possibly trivial) in which the boundary points
are points of contact. These we call baundary points of contact.

With a view to characterizing the boundary points of contact, let ¢ be the size
of cach factor, so that the size of S is gr. Then it is straightforward that a point v of
S'is a boundary point of contact if and only if either
(1) there is exactly one branch of S at v having weight more than ¢ and the total s

of the weights of the other branches of S atvis at least g, or
(2) all of the branches of S at v have weight at most ¢.

In Case (2), v is the only point of contact, as other points of contact would
have to lie on a branch at v with weight more than ¢, and there is no such branch.
Consequently the branches of the various factors at v coincide with the branches of
Satre.

In Case (1), let O0=r<g and d=1 be such that s=gd+r. The branches of
S at ¢ with size at most ¢ all coincide with branches of factors at v. Let T be the fac-
tor containing the line joining v to the rest of the Jargest branch at v. Then ¢—r is the
number of lines in 7, on the largest branch at r. i.e., ¢ —r is the size of the correspond-
ing branch of 7, at ¢. This accounts for the sizes ofall of the branches of factors at ¢.
NO\\ let S consist of the largest branch of § at v along with a star of r lines incident to

. The factors can be numbered so that 1. ....T,_, are those having lines in the
larue branch of S atv. Then Ty, ....T,_, would be a (/—d)-section of the tree S
except for the structure of T,, which may not match the r-star introduced at . How-
ever ¢ is not a point of contact in a (r—cl -section of S and so the structure of Satv
is irrelevant to the applicability of the induction hypothesis to S.

The induction step for r=2 can now be summarized as follows. There must
be at least one boundary point of contact in any r-section of S. The characterization,
of which (1) and (2) are the cases, allows such a point v to be located using only S and
7, since the latter determine ¢. Then the sizes of the branches of the factors at v are
determined as above. If v satisfies (2). the remaining points of contact and the sizes of
branches of factors at them are determined by (r—d) and S. |

Theorem 2. For cach tree S and t=1, there is at most one tree in S/t

Proof. When 7=1, S/t consists of S alone. For =2 we induct on r. As before, let
¢ be the size of S divided by 7. If ¢ is not integral then of course S/r is empty, so sup-
pose ¢ is a positive integer. Now apply the algorithm in the proof of Lemma | to S
and r. If some step of that algorithm cannot be completed, then of course S/t is
empty and we are done. So suppose that the algorithm has been carried to completion.
The result is a set C of points and a set W of weights with the property that if S has a
r-section then C is the set of contact points and W is the set of weights of branches
of the various factors at the points of C which they contain.
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Let & be the maximum weight in W, so that 1 =b=gq. Let a light branch of a tree
be one having size g—b or less. We claim that the set of light branches of § is preci-
sely the union of the sets of light branches of the ¢ factor-trees of any #-section of S.
One inclusion is obvious, because any branch of S having weight at most ¢ is a branch
of a single factor in any r-section of S. Conversely, if in some 7-section of S there is a
branch B of a factor-tree T at a point « such that B is not a branch of §, then B must
contain a point v=y which is in C. Consequently B has weight more than ¢—b,
for if not, the branch of T at v containing & would have weight more than b, contrary to
the maximality of b.

Let a maximal light branch of a tree be a light branch which is not properly
contained in any other light branch. Note that in S each light branch is contained in
a unique maximal one. In fact any two different maximal light branches of S must be
line disjoint. For if both contain some line uv then one would contain all points of
S which are, say. closer to u than to v. Since the other branch is not contained in the
first, it would contain some point closer to v that to v and hence would contain all
such points. Thus S would be included in the union of the two branches. But that con-
tradicts the fact that S has weight at least 2g while each light branch has weight less
than ¢.

The fact that maximal light branches of S are line disjoint implies the obser-
vation that if u. v are the roots of two such branches then no maximal light branch
contains any line on the u—v path in S. Let S be the minimal subgraph of .S which
contains the root points of all of the maximal light branches and all lines not contai-
ned in some such branch. Then our observation shows that Sis a tree. In addition,
suppose that Ty, .... T, is a -section of S and 7; is the intersection of 7;and S for
i=t. ...t Then T,.....T, is a r-section of S 1f the latter 1s nontrivial. For, as we
Saw. ev cxylwht branch of T;is a light branch of S, so T;= T, implies Tie T

Suppose first that S is trivial, consisting of a single point v. Then C={v} and
W consists of the weights of the branches of S at v. Also v is the only root point for
maximal light branches. Since S contains no lines, all of the branches of $ at v must
be light. Thus bz¢g—b. sono branch of S at v has weight more than ¢/2. As g is the
weight of each factor in any r-section of S and each factor must contain v, it follows
that ¢ must be the centroid of each factor. Let B,, ..., B, be the isomorphism types
of the maximal light branches considered as rooted tiees, with m,. ..., m, as their
respective multiplicities. In the case under consideration, S is r-sectable if and only
if m,;1 is an integer for all i=1, ..., k. Forif a tree T is to lie in S/t it must consist

of m; 't copies of B;for i=1,..., k all joined at the centroid.
Assume now that S 1s nontuvml The condition that mz,/t is integral for /
=1, ....k 1s still necessary for the r-sectability of S. This is because the number of

copies of B; is the same in each of the 7 isomorphic factors of any r-section of S, and as
we saw earlier the copies which occur as maximal light branches of S are precisely the
union of those occurring as maximal light branches of the r separate factors. In the

remainder of the proof it will be assumed that m,/t is integral for i=1, ..., k.
Now let 7¢ be the size of the nontrivial tree S. Thus for any - sectlon T, ... T
of S. its intersection 7;. ..., T, with Sis a r-section of S in which each factor has

size 4. In such a 7-section of S let 7, say, contain a contact point v such that a branch
B of T, at v has the maximum possible size b. The other branches of T at ¢ are all
light. since their total weight is ¢ —b. Thus T, has v as an endpoint, and so the branch
of Satr containing T, has weight rd for some integer r such that 0<r<r.
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It can now be assumed that ¢ is a point of S such that some branch 8 of S at
v has weight rg for integral r with O=r=s. For if not then S is not 7-sectable, and
hence S is not r-sectable. Clearly any r-section of $ must consist of an r-section of B
along with a (r —r)-section of the tree S—E(B). Let B be the branch of S at ¢ con-
taining B. If a r-section of S is extendable to a r-section of S, then it must be possible
to select a set 4 of light branches of S at ¢ so that AUB contains exactly raifr
copies of B; as maximal light branches for i=1, ..., k. In fact, if n; denotes the num-
ber of copies of B;in B—E(B) then A simply comlsts of (mz,/t) n; copies of B;
for i=1,.... k. Thus in order for S to be s-sectable it is necessary that n;..rmt
and that at least (rm/tY—n; copies of B; occur as branches of Sat v, for i=1. ... k.
Assuming that these conditions are satisfied, S is r-sectable it and only if A . B is
r-sectable with factors isomorphic to some tree 7 and S—E(A)—E(B) 18 (t—r)-
sectable with factors isomorphic to the same tree 7.

This concludes the inductive proof of the theorem, since r<r and t—r-t
in the last case. [

Corollary 1. For cach t, there is an algorithm witl time and space bounds linear in the
size of S for deciding whether Sit contains a tree, and if so finding it.

Proof. To implement the algorithm described in the proof of Theorem 2 in linear
time, a procedure for testing isomorphism of trees in linear time is needed. One such
procedure has been described by Hopcroft and Tarjan [11, pp. 140—142]. 1t is hased
on a method of assigning a canonical linear ordering to the neighbors of each point.
pr oceeding recursively from the endpomts This also allows the r-sectability question
in case S is trivial to be settled in linear time. For then if the branches of S at the
unique point of contact v are Dy. ..., D, in the canonical order at ¢, necessary and
sufficient jconditions for § to be r-sectable are 7im and D;=D;,, for T=i=m and
tii. 1

Corollary 2. /f a tree S is bisectable then its isomorphic fuctorization info two 1rees is
unique up to isomorphism.

Proof. In a bisection of S there is a single point ¢ of contact, which is unique as seen
in Lemma |. We can proceed by induction on the size of S.

If Sis trivial, the factorization was seen in the proofofTheonem 2 to be unique.
whatever the value of . When S is nontrivial. its size is less than that of S and sa by
induction the bisection of Sis unique up to isomorphism. It was also seen in the proof’
of Theorem 2 that any bisection of S extends the bisection of S. The only uncertainly
in extending the bisection of S to a bisection of S is in the division of the maximal
light branches at v between the two factors. However the numbers of such branches
in each factor are determined by S. and so the extension to a factorization of Sis
unique up to isomorphism. [

In the next section this corollary is used as the basis of an enumeration of
hisectable trees. However the uniqueness of bisections relies on having just one reduc-
tion step in the algorithm. For 7>2 the factorization of a tree S into ¢ copies of a tree
T need not be unique up to isomorphism. This is illustrated in Figure 3 for =3
(trisection) and in Figure 4 for r=4 (tetrasection).

It is an open question whether the r-sectability of a tree S can be decided by an
algorithm linear in the size of S, independent of 1.
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Fig. 4. Inequivalent tetrasections of a tree

4. Counting bisectable trees

Standard methods, as in {3, 6, and 13], can be applied to enumerate bisectable
trees on the basis of Lemma 2 of the previouns section. Therefore the derivation of
recurrence equations for the exact number and asymptotic formulas for the behavior
as p--co is given in outline form. Numerical results for p =100 were obtained. but
are not included in the present paper. They are available on request from the sccond
author.

Two points are similar if some automorphism maps one to the other. that is,
if they are in the same orbit of the point automorphism group. The number of dis-
similar points is precisely the number of nonisomorphic rooted versions of any graph.
Let T, , denote the number of rooted trees of order p having exactly & dissimilar points
and let 7, ; be the corresponding number for unrooted trees.

We now show that the number f, of trees of order 2p—1 which are bisectable
is given by

Pk 1
(4.1) = 2[ 5 )IM.

k=1

For suppose we consider bisections of a tree into two copies of a tree A of order p
which has & point orbits. Such a bisection is formed from two copies of 4 by identi-
fying a point of one copy with a point of the other copy. Up to isomorphism the
bisection so obtained is determined by the orbits of the points chosen to be identified,

k+1Y) .. L L
so there are (‘ 5 ) different bisections into two copies of 4. By Corollary 2 the corre-
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. . . . k+1
spondence between bisections and bisectable treesis 1 — 1, so we can sum [ 2 over

all nonisomorphic trees A of order p to obtain (4.1).
To determine 1, , and hence f,, it is convenient to use the ordinary generating
functions

>
Ty = > > 7;'1"\-0),/\’

p=1lk=1

< P
1, ¥y = 2 2tk
p=1k=1
As usual, a recurrence for the rooted trees is obtained by removing the root point and
considering the unordered sequence of rooted trees obtained by deleting the original
root and rooting the points which were adjacent to it. In this sequence the possible
contributions of copies of any particular rooted tree R of order p with k orbits has as
its ordinary generating function the series

xF
1—x?°

LFxPph gk ok =

This is because any positive number of copies of R contributes just & point orbits.
These contributions from different rooted trees are independent, since two points are
similar only if they belong to isomorphic rooted trees in the sequence. In addition the
original root point contributes a factor of x) since it is isomorphic to no other point.
Thus we have

. T
i e ‘\‘p V" P,k
(4.2) Tx,y=xv [T [] (l +—'p] .
p=1k=1 [—x
This relation can be used directly to calculate the numbers 7, ;. However what
. . k+1

will be required are the sums N,= > k7, and F,=2'| 5 |7, The corre-
sponding ordinary generating functions N (x) and F(x) can be expressed in terms of

partial derivatives of T(x, v) evaluated at y=1. Specifically.

N(x)=T,(x, 1) and F(x)= %T_\,y(,\', D+ (v, 1),

Of course T(x, 1Y=T(x) is the classical ordinary generating function for the num-
bers T, of rooted trees of order p. Setting y=1 in (4.2) immediately gives Cayley’s
expression for T(x); see [3, equation 3.1.10].
Otter's recurrence for T, is
1 ezt
4.3) T,=—— > T, 2 dTy,
p—1= dlk

for p=2 where T,=1. This can be obtained from Cayley’s relation for T(x) by
differentiating and comparing like coefficients of x; see [3. equation 3.1.9]. If we diffe-
rentiate (4.2) with respect to y and set 1=1, we obtain

(4.4) N(x) = T(x)+ TE)N(x).
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In terms of the coefficients, this gives for p=1 the recurrence
p—1

(43) Np: I},‘}‘Z NkT,,_,‘..
k=1

Differentiating (4.2) twice with respect to y, setting y=1 and combining with (4.4)
yields

{(4.6) F(x)=T(x) [F(x) —F(x%) +% N (,\-’-’)] + % (T + N+ N0,

Comparing coeflicients of x?, we have

p—1 ] l(p—1)/2) ]
(4,7) Fp = Z Tﬁ—k[Fk_Fk/2+5 N]\./z]‘}‘ AZ Nl,_ka’l‘_z‘(Tp"‘Nl,'l‘Nﬁ/?‘)
k=1 (=1

for p=1. 1tis understood that F, or N, is zero if « is not integral.
The relation between 7(x, 1) and T(x, 1) is

4.8) 1(x.y) = T(x, ) — % (T, PEH T V) + TR ).

This s obtained from a slight variant of Otter’s dissimilarity characteristic theorem,
for trees (3. Equation 3.2.3]. The variant is proved in the same way as the original,
with cognizance taken of the number of orbits of points at each step. The result is
that the number of unrooted trees is expressed as the number of point-rooted trees.
minus the number of line-rooted trees in which automorphisms are not allowed to
reverse the root line, plus the number of trees containing a line of symmetry. The
corresponding generating functions appear on the right side of (4.8).

From (4.1) it follows that the ordinary generating function f(x) for bisectable

]

trees of order 2p—1 can be expressed as 5 Iy

(x. D)-+1,(x. 1). Applying the indi-

cated operations to (4.8), we find
v L, . I | 5
1) = F(x) = F(x') = T() F(x) =5 N(x)*+ 5 N().

Relation (4.6) can be used to simplify this, to

1

(4.9) () = = (N + T(x) + (1 + T (N — 2F(x2))).

to|

The corresponding expression for f, is

) ) 1 lp=1y21 L
(4.]ﬂ) j{} = T[NI,"" Tp ‘f’ NP‘/z—sz/g+ Z (N/‘—sz)7pf«_)‘k).
P k=1

Relations (4.3), (4.5), (4.7) and (4.10) were used to compute the values of
f,for p=100.

The asymptotic behavior of f, can be deduced from known facts about 7(x).
Considering x as a complex variable, about x=0, 7°(x) has a positive radius of con-
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vergence 4. The best value to date [4].for yis 0.338321856899208 .... Also # is the
sole singularity of T(x) on the circle of convergence, T(y)=1, and {T(x)|-={ for
x|=#n and for x=n with [x]=5. Around x=p, T(x) has the expression

@.1n T(x)=1-bln—x)"+ ...

in powers of (5 —x)'/*, where 5=2.6811281472677 ....
Solving (4.4) for N(x) gives

(4.12) N(x) = T — T().

Thus N{(x) also 1s analytic at all |x]=y except for x=y, about which N(x) has the
form

(4.13) N(x) = %(r]—.\')""‘“’f_ e

Since 'Z=n, N(3?) is analytic at all |[x|=x. In view of (4.6), then, F(x) 1s analytic
for all |x|<=p. so that F(x?)is also analytic for ail |xI=x. From (4.9) it then follows
that /(x) is analytic at all |x|=n except x=y. Finally. from (4.11) and (4.13) there
is 4 neighborhood of =4 in which the expansion

. | R
(4.14) fix) = ,)—b(l]-.\')""'i

is valid, the remainder consisting ol terms in non-negative powers of (i — v)'2.
Standard unalytic techniques now can be applied to read off the asymptotic
hehavior of £, see [3, Section 9.5]. [6], [13] or [4]. The result 15

, ) ) ”—1/'2’_]—:: |
(4.13) 1, = e [1 +0 [7]]

Thus the growth of f, is dominated by the factor =7, where y~'=2.9557652%6 ...
The constant tuctor C=1/2b(nn)"* has the value 0.1808891292 ... A compaurison
of the exact value of £, with the approximation a,=Cn="?y~" for p==100 shows that
the relative error multiplied by p tends to a constant value, as expected.

Let 7, be the number of unrooted trees of order p. The average number of
orbits among all trees of order p is the ratio T,/f,. that is, the value of k averaged over

k+1Y) . , . .
these trees. The average value of [ ) 15 fu/t,. By using the known asymptotic

behavior of T, and ¢, [3, Equations 9.5.29 and 9.5.36] it is easy to verify that

. T,,/r,,] e
./p/fp ~ [ ) i b,;”;z -

The value of 2/b*y* is 0.33814237285 ...

Finally, the proportion of trees of odd order 2p—1 which are bisectuble is
Joltsp—1- This ratio goes to zero exponentially since the growth of 7,,_, is dominated
by the factor 52"



9] F.

[1o] F.

BISECTABLE TREES 179

References

. Caro and J. ScHONHEIM, Decomposition of trees into isomorphic subtrees. Ars Combin,

9 (1980), 119—130.

. L. Granam and R. W. RoBINsON, Isomorphic factorizations X : Even trees, to appear.

. Harary, Graph Theory, Addison—Wesley, Reading (1969).

. Harary and E. M. PaLMER, Graphical Enumeration, Academic, New York (1973).

. Harary and E. M. PawMmer, The probability that a poeint of a tree is fixed, Math. Proc,

Cambridge Philos. Soc. 85 (1979), 407—415.

. Harary and R. W. Rosinson, Generalized Ramsey theory 1X: Isomorphic factorizations [V:

Isomorphic Ramsey numbers, Pacific J. Math. 80 (1979), 435—441.

. Harary, R. W. RoBinson and A, 1. SCHWENK, Twenty-step algorithm for determining the

asymptotic number of trees of various species, J. Austral. Math. Soc. 20(1975), 483—503.

. Harary, R. W. RoBinson and N. C. WorMALD. Isomorphic factorizations 1: Complete

graphs, Trans. Awmer. Math. Soc. 242 (1978), 243—260.

. Harary, R. W. RosinsoN and N. C. WormMALD, Isomorphic factorizalions HI: Complete

multipartite graphs, Springer Lecture Notes Marh. 686 (1978), 47--54.

Harary, R. W. RosinsON and N. C. WorMALD, [somorphic factorizations V: Directed
graphs, Mathemarika 25 (1978), 279—285.

Harary and W. D. Wacruis, Isomarphic factorizations Il: Combinatorial designs, Congres-
sns Numerantivm 19 (1978), 13—28.

[11] J. E. HoecrorT and R. E. Tarian, Isomorphism of planar graphs, Complexity of Computer

{12] R.
{13] R.

Computations (R.E. Miller and J. W. Thatcher, eds.) Plenum, New York (1972). 131—152.
W. Rosinson, Isomorphic factorization VI: Automorphisms, Springer Lecture Notes Matil.
748 (1979), 127—136.

W. Rosinson and A. J. ScHWENK, The distribution of points in a large random tree, Discrete
Muarh. 12(1975), 359—372.

(14] N. C. WorMALD, Isomorphic factorization VII: Regular graphs and tournaments, J. Graph.
Theory 8 (1984), 117—122.

Frank Harary Robert W. Robinson

University of Michigan Southern [llinois University

Ann Arhor, MI 48109 Carbondale, IL. 62901

U.S. A. U.S.A.



